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The role of exact solutions in gravitational theories is impossible to overestimate. But
the intrinsically nonlinear character of gravitational equations makes solving them a very
difficult and problematic task. This is why the investigations of hypersurfaces where the
matter energy-momentum tensor undergoes some discontinuities are so important. The
physically interesting discontinuities are jumps (they can be viewed as an idealization of
the shock waves) and thin shells (i. e., δ-function distributions, describing some idealized
matter sources including the potential barriers between two different phases during cos-
mological phase transitions). In this paper we undertook the thorough investigation of
the matching conditions on the singular hypersurfaces in Weyl+Einstein gravity. Unlike
in the General Relativity, where the singular hypersurface may contain, at most, the
Dirac δ-function both in the matter energy-momentum tensor in the right hand side of
the Einstein equations and in the second derivatives of the metric tensor in their left
hand side, in the so called quadratic gravity (the gravitational action integral, except
the Einstein-Hilbert and cosmological terms, has all possible quadratic combinations of
the Riemann curvature scalar). there appear the possibility of the double layer, i. e., the
derivative of the δ − function. But, this derivative is absent in the energy-momentum
tensor (no mass-dipole analogous to the charge-dipoles in the classical electrodynam-
ics), so the double layer is a purely geometrical phenomenon ant it may be treated as
the purely gravitational shock wave. The mathematical formalism for the double layers
was elaborated layers was elaborated by J. M. M Senovilla for the double layers was
elaborated for the generic quadratic gravity. Our choice of the Weyl+Einstein gravity
is motivated by thee fact that the latter differs from the generic case in some aspects
1
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and requires separate consideration. Moreover, we confined ourselves by the spherically
symmetry, because in such a case the theory becomes, essentially, two-dimensional. The
three-dimensional hypersurface reduces to the world-line, and it becomes much easier to
understand every step in the calculations and interpretations of the results. The main re-
sults are the following. We derived the matching conditions for the spherically symmetric
singular hypersurface (in our case it is equivalent to the world line) in the Weyl+Einstein
gravity. It was found, that the residual extrinsic curvature tensor of this surface (i. e.,
having only one, (00))-component after separating the spherical angular part of the met-
ric tensor), indeed, must be continuous on the singular hypersurface. The result is the
same as that found by Senovilla, it is dictated by the very possibility to have the double
layer, but the jump in the normal derivative of the radius may be not zero. (and this
is different from Senovilla’s). It was found that in the presence of the double layer, the
matching conditions contain an arbitrary function (in our case it is a function of the
proper conformal time of the observer, sitting on the singular world-line), and this result
is quite new and very important. One of the consequences of such freedom is that the
trace of the extrinsic curvature tensor of the singular hypersurface is necessarily equal
to zero. We suggested the physical interpretation for the Sn
0
and Sn
n
components of the
surface matter energy-momentum tensor of the shell. In General Relativity they are zero
by virtue of the Einstein equations. In the quadratic gravity they are not necessarily zero.
Our interpretation is that these components describe the energy flow (S0n) and the mo-
mentum transfer (Snn) of the particles produced by the double layer itself. Moreover,
the requirement of the zero trace of the extrinsic curvature tensor (mentioned above)
implies that Sn
n
= 0, and this fact also support our suggestion, because it means that
for the observer sitting on the shell, the particles will be seen created by pairs, and the
sum of their momentum transfers must zero. We derived also the matching conditions
for the null hypersurface, and this is, again, quite new. We found that the null-double
layer in the Weyl+ Einstein gravity does not exist at all.
Keywords: Gravitation; general relativity; conformal gravity; cosmology.
PACS numbers: 04.20.Fy, 04.20.Jb, 04.50.Kd, 04.60.Bc, 04.70.Bw.
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1. Introduction
The necessity of considering the geometry of d-dimensional hypersurfaces immersed
into the (d + 1)-dimensional space-time arises whenever one needs to have some
slicing like in the Hamiltonian (canonical) description of General Relativity. The
most striking example is the famous Arnovitt-Deser-Misner (ADM) formalism. Or,
when the hypersurface divides the whole space-times into two parts with different
structures of the matter energy-momentum tensor. In such a case this hypersurface,
Σ, describes either the propagation of the shock waves, if the components of the
energy-momentum tensor Tµν are jumped across Σ, [Tµν ]|Σ 6= 0, or it describes the
trajectories of the thin shells, if the energy-momentum tensor has a singularity, i. e.,
December 21, 2018 1:35 WSPC/INSTRUCTION FILE Berezin2018IJMPD
Spherically symmetric double layers in Weyl+Einstein gravity 3
[Tµν ]|Σ = Sµνδ(Σ), where Sµν is called the the surface energy-momentum tensor,
δ(Σ) is the Dirac delta-function, and [ ] ≡ (+)− (−) denotes the jump.
Also, special attention should be paid to the boundary surfaces when the least
action principle is used for deriving the equations of motion in the cases, when
th Lagrangian of the theory under consideration contains the second and linear
derivatives of the fields subject to variations. In what follows we will be dealing
with the four-dimensional space-time and, accordingly, with the three-dimensional
hypersurfaces.
Since the energy-momentum tensor may have discontinuities on the hypersur-
face Σ, one needs the matching condition on it for the gravitational field equations.
For the time-like thin shells in General Relativity the corresponding formalism was
elaborated by W. Izrael1, 2 in 1966, and since then it was widelly used for investi-
gations of cosmological phase transitions (see3–26 for more details). and black hole
structure (e. g., see27–35). It is assumed that, by the suitable coordinate transfor-
mations on both sides of the matching surface, the metric tensor gµν can be made
continuous across Σ — otherwise we would deal with two disconnected manifolds.
Thus the matching surface Σ is characterized by its own three-dimensional metric
tensor, γij (the Greek indexes label quantities in the four-dimensional space-time,
while the Latin ones refer to that on the three-dimensional matching surface), and
by the extrinsic curvature tensor, Kij , that shows how this hypersurface is embed-
ded into the four-dimensional space-time. And the Israel equations relate the surface
energy-momentum tensor, Sij , to the jumps in the extrinsic curvature tensor [Kij ]
across Σ.
The Einstein equations are of the second order in derivatives of the metric ten-
sor. Hence, the first derivatives may have, at most, the jumps, while the second
derivatives may exhibit, at most, the delta-function behavior on Σ. Therefore, the
most singular of the allowed types of the matching hypersurfaces, containing the
nonzero energy-momentum tensor, are just the thin shells. As a consequence the
thin shells produce the real space-time singularities where the Riemann curvature
tensor diverges. The extension of the Israel’s formalism to the space-like case is
quite obvious. The space-like thin shells were used for describing the very process
of the phase transitions in the cosmology by V. A. Berezin, V. A. Kuzmin and
I. I. Tkachev in Ref. 23 and by V. P. Frolov, M. A. Markov and V. F. Mukhanov
in Ref. 36.
The matching hypersurface can, of course, be null. But, in this case the above
formalism is not adequate because it is based on the existence of the unit normal
vector across Σ, and the normal vector to the null surface lies just on this very
surface. The matching conditions on the null surfaces were derived by one of the
authors in Ref. 37 and the covariant approach was developed by C. Barrabes and
W. Israel in Ref. 38.
Started in 1969, there was a long history and big activity in studying the quan-
tum field theories in curved space-times (for more details see39–51 and references
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therein). Here the most interesting for us is the main result, that the renormaliza-
tion procedure, inevitable in quantum field theory, leads to the appearance in the
effective gravitational action of some additional (to the standard Einstein-Hilbert
Lagrangian, linear in curvature scalar) terms quadratic in the Riemann tensor and
its contractions (Ricci tensor and curvature scalar). When the gravitational La-
grangian is the general combination of these quadratic terms plus the linear term
and plus the cosmological constant, it is usually called “the quadratic gravity” .
Some of its special form was used by A. A. Starobinsky in Ref. 52 for constructing
the first inflationary cosmological scenario.
The necessity of considering the quadratic and higher order terms in the effective
gravitational Lagrangian was foreseen by A. D. Sakharov in Ref. 53 in 1967. He even
suggested that the gravitation itself is just the vacuum tensions and stresses of all
other quantum fields. Now this idea is widely known as “the induced gravity”.
The thin shell formalism for the generic quadratic gravity was constructed by
H. -H. von Borzeszkowski and V. P. Frolov in Ref. 54. The main difference from
General Relativity is that the equations of motion appeared to be the fourth order in
derivatives of the metric tensor (this feature is shared by the so called f(R) theories
of gravity, and the exceptions are the Horndenski’s and Gauss-Bonnet models). This
means that the Riemann curvature tensor may have, at most, the jumps across
the thin shell (the singular hypersurface Σ). Therefore, the corresponding extrinsic
curvature tensor, Kij , must be continuous, i. e., [Kij ]|Σ = 0. But it is the jump
of this very tensor, that governs the trajectory of the thin shells in the General
Relativity! Thus the matching conditions should also be very different from that
ones in General Relativity. And, at least, some of thin shells considered in the
framework of General Relativity, will appear forbidden.
It is very interesting that one particular combination of the quadratic terms is
exceptional. This is just the case of the Weyl conformal gravity, with possible ad-
dition of the term, linear in curvature scalar, and the cosmological term, i. e., the
Weyl+Einstein gravity, when the quadratic part of the gravitational Lagrangian
is just the the square of the Weyl tensor. The matter is that the Weyl tensor it-
self (with one upper index) is invariant under the local conformal transformation
(when the whole metric tensor is multiplied by some function called “the confor-
mal factor”). The resulting Bach tensor, which appears in the gravitational field
equations, is multiplied then by some power of this conformal factor, without any
of its derivatives. But, we are free to choose as a conformal factor, anyone of the
components of the metric tensor. Thus, we should only require its continuity on the
shell, but not the continuity of the derivatives. So, in some cases, the corresponding
components of the extrinsic curvature tensor should not be continuous on the shell,
and the Riemann curvature tensor constructed from the initial metric (prior to the
conformal transformation) may have the delta-function behavior on the thin shell.
The above consideration is especially important in the case of the spherical
symmetry because we are able to use the radius of the sphere (more exactly, its
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square) as the conformal factor (see Refs. 55, 56, 57, 58, 59 for more details), and
it is this radius as a function of the proper time on the shell, that determines
completely its trajectory in the space-time.
Recently J. M. M. Senovilla in Ref. 60 (see also Ref. 61) discovered that, in
the framework of the theory of distributions, the quadratic gravity (as well as all
other modifications of the Einstein gravity leading to the fourth order differential
equations) allows not only the thin shells (the delta-function distributions), but
also the double layers (the delta-prime distributions). This is a very compelling
possibility, and, in the absence of the corresponding counterpart in the energy-
momentum tensor for the conventional matter (no particles with negative masses),
this means that such double layers represent purely geometric phenomenon and
describe something like gravitational shock waves (even in the spherically symmetric
case, due to the new scalar degree of freedom, what is absolutely forbidden in
General Relativity).
The paper is organized as follows. In the Section 2 we introduced the notations
and wrote down all the needed formulas and relations. Section 3 devoted to the
thorough considerations of the spherical symmetric double layers and the shells
in Weyl+Einstein gravity. We considered both time-like and null cases (Subsec-
tion 3.1). In the Conclusion we summarized the obtained results.
2. Mathematical introduction
In this Section we describe some needed formalism. We will be using for the line
element the (+,−,−,−)–signature
ds2 = gµνdx
µdxν (µ, ν = 0, 1, 2, 3). (1)
The corresponding metric connections
Γλµν =
1
2
gλσ(gσµ,ν + gσν,µ − gµν,σ), (2)
where comma denotes the ordinary partial derivative. We use the following definition
for the the Riemann curvature tensor
Rµνλσ =
∂Γµνσ
∂xλ
− ∂Γ
µ
νλ
∂xσ
+ Γµ
κλΓ
κ
νσ − ΓµκσΓκνλ, (3)
Respectively, the Ricci tensor equals
Rµν = g
λσRλµσν = R
λ
µλν , (4)
and the curvature scalar is
R = gλσRλσ . (5)
The Einstein tensor
Gµν = Rµν − 1
2
gµνR. (6)
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The Weyl tensor (which is a completely traceless part of the Riemann tensor)
Cµνλσ = Rµνλσ +
1
2
(Rµσgνλ +Rνλgµσ −Rµλgνσ −Rνσgµλ)
+
1
6
R(gµνgλσ − gµσgνλ), (7)
The Bach tensor is
Bµν = C
;σ;λ
µλνσ +
1
2
RλσCµλνσ , (8)
Bλλ = 0, Bµν = Bνµ, B
λ
µ;λ = 0, (9)
where the semicolon “;” denotes the covariant derivative with respect to the metric
gµν).
Now we introduce the local conformal transformation by
ds2 = Ω2(x)dsˆ2, gµν = Ω
2(x)gˆµν , g
µν =
1
Ω2(x)
gˆµν , (10)
where the hat “ˆ” means “conformally transformed”.
Then, the Einstein tensor is conformally transformed as
Gµν = Gˆµν −
2Ωµ|ν
Ω
+
2Ωλ|λ
Ω
gˆµν +
4ΩµΩν
Ω2
− Ω
λΩλ
Ω2
gˆµν , (11)
where Ωµ = Ω,µ, Ω
λ = gˆλσΩσ, and the vertical line “|” means the covariant deriva-
tive with respect to the transformed metric gˆµν . By definition, the Weyl tensor with
only one upper index is invariant under the local conformal transformation
Cµνλσ = Cˆ
µ
νλσ, (12)
and so
C2
√−g = CµνλσCµνλσ
√−g = Cˆ2
√
−gˆ, (13)
Respectively, the Bach tensor is transformed as
Bµν =
1
Ω2
Bˆµν . (14)
In the decomposition of the total action integral into the gravitational and non-
gravitational parts, Stot = Sgr + Sm, the energy -momentum tensor Tµν and its
“transformed” counterpart Tˆµν are both defined through the following variations of
Sm:
δSm
def
=
1
2
∫
Tµν
√−gδgµνdx, (15)
δSm
def
=
1
2
∫
Tˆµν
√
−gˆδgˆµνdx, (16)
Thus,
Tˆµν = Ω
2Tµν , Tˆ
ν
µ = Ω
4T νµ , Tˆ
µν = Ω6T µν . (17)
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At this stage, let us take into account the spherical symmetry. The spherical
symmetric line element has the form
ds2 = gµνdx
µdxν = γikdx
idxk − r2(x)(dθ2 + sin2 θdφ2), (i, k = 0, 1), (18)
where θ and φ are the spherical angles, r(x) is the radius of the sphere (with the area
4pir2), and γik is the two-dimensional space-time metric tensor. It appears useful
to make the conformal transformation and choose the radius r(x) as the conformal
factor, Ω(x) = r(x). Then,
dsˆ2 = γ˜ikdx
idxk − (dθ2 + sin2 θdφ2). (19)
We make the (2+ 2)–decomposition and, actually, reduce the described problem to
the two-dimensional one. Namely,
Gik = −
2ri||k
r
+
4rirk
r2
+
(
1 +
2rp||p
r
− r
prp
r2
)
γ˜ik, (20)
G = Gλλ = −R = −
1
r2
(
−Rˆ+
6rp||p
r
)
, Rˆ = R˜− 2, (21)
where R˜ is the two-dimensional curvature scalar, constructed of the metric tensor
γ˜ik, and the double vertical line “||” denotes the covariant derivative with respect
to this very metric.
The corresponding transformed Bach tensor becomes
Bµν =
1
r2
Bˆik, Bˆik = −1
6
(
R˜
||p
||pγ˜ik − R˜||ik +
R˜2 − 4
4
γ˜ik
)
. (22)
We do not need expressions for the remaining components, since due to the spherical
symmetry Bˆ22 = Bˆ
3
3 , and the tracelessness of the Bach tensor, B
µ
µ = 0, yields
B22 = Bˆ
3
3 = −
1
2
Bˆpp . (23)
Coming to this point, we should describe the spherically symmetric thin shell, Σ.
It is now a sphere which radius, ρ, evolving in time. The corresponding line element
equals
ds2|Σ = dτ2 − ρ2(τ)(dθ2 + sin2 θdφ2)
= ρ2(τ)
(
dτ˜2 − (dθ2 + sin2 θdφ2)) . (24)
Hence, τ is the proper time of the observer sitting on this shell (we will call it in the
following“the genuine proper time”), while τ˜ is its conformal counterpart (we will
call it “the conformal proper time”). The simplest way to proceed further is to use
the two-dimensional part of the conformally transformed metric, dsˆ2 = γ˜ikdx
idxk,
(i, k = 0, 1). Undoubtedly, it is always possible to introduce the Gauss normal
coordinate system, associated with the given thin shell. The corresponding line
element has the following form, valid both on the shell, as well as just outside it,
dsˆ22 = γ˜00(n, τ˜)dτ˜
2 − dn˜2, (25)
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where the normal coordinate n runs from inward n < 0 to outward n > 0, and the
resulting equation of our thin shell is simply n = 0. To match the above line element
with that on the shell, we use the normalization conditions
γ˜00(0, τ˜) = 1. (26)
The extrinsic curvature tensor, describing the embedding of thin shell (in our
case it is just the worldline n˜ = 0) into the ambient two-dimensional space-time, is
Kˆij = −1
2
∂gˆij
∂n
. (27)
Now Kˆij consists of only one component
Kˆ00
def
= −1
2
∂γ˜00
∂n
= K˜00, K˜ = K˜
0
0 = −
1
2
∂ log γ˜00
∂n
, (28)
and the two-dimensional curvature scalar equals
R˜ = −2K˜n + 2K˜2. (29)
In the Gauss normal coordinates the transformed energy-momentum tensor can
be written as
Tˆµν
def
= Sˆµνδ(n) + [Tˆµν ]Θ(n) + Tˆ
(−)
µν , (30)
where Sˆµν is the surface energy-momentum tensor on the shell, δ(n) is the Dirac’s
delta–function, Θ(n) is the Heaviside step–function:
Θ(n) =
{
1, if n > 0 (+),
0, if n < 0 (−). (31)
We will use the following properties of Θ–function:
Θ2 = Θ, Θ′(n) = δ(n), (32)
where [. . .] = denotes the “jump” across the shell in the outward normal direction.
Thus,
[Tˆµν ] = [Tˆ
(+)
µν − Tˆ (−)µν ]. (33)
3. Double layers
The phenomenon of double layer is well known in the classical electrodynamics.
It appears naturally in the description of the electric field when there is a probe
surface with the opposite charge distributions on its two sides. Formally speak-
ing, in the field equations the double layer manifests itself by appearance of the
derivative of the Dirac δ-function. We have already seen, that such a construction
is impossible in General Relativity (Einstein Gravity). Bu it becomes possible in
some of its modifications — the higher derivative gravities. Of course, there exists
no counterpart of the electromagnetic dipole in the matter energy-density tensor.
Therefore, the gravitational double layer is a pure geometrical phenomenon and
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can be interpreted as the gravitational shock wave. The main reason why we have
chosen just the Weyl+Einstein gravity, is the following. We are interested in the
description of quantum processes of particle creation caused by gravitational field
and its back reaction on the global space-time. Such a back reaction becomes es-
sential in the early universe, near the black hole horizon and the singularity inside
and, obviously, on the singular hypersurfaces, i. e., thin shells and double layers. To
fulfill this program, we constructed the hydrodynamical model allowing the particle
creation.55, 56 Our model differs only slightly from the conventional hydrodynamics
written using the Eulerian variables? in that the constraint describing the particle
number conservation is replaced by by the constraint describing the particle cre-
ation. Namely, the corresponding part of hydrodynamical action integral undergoes
the following surgery
∫
λ1(nu
µ);µ
√−gdx −→
∫
λ1
(
(nuµ);µ − βC2
)√−gdx, (34)
where λ1 is the Lagrange multiplier, (nu
µ);µ is the particle production rate — the
number of particle created per unit time per unit volume (n is the invariant particle
number density, uµ is the four velocity of particle flow), β = const, and C2 is the
square of the Weyl tensor. This creation law was found by Ya. B. Zeldovich and
A. A. Starobinskii in 1977.51 It is remarkable that if one makes the transformation
λ1 → λ1 = γ0 + βλ˜1 with γ0 = const, then the term γ0(nuµ);µ√−g = γ0(nuµ),µ is
the full derivative that does not influence the equation of motion, but there emerges
the Weyl conformal gravity action integral. For this very reason we will consider, in
what follows, the modified gravitational action of the form
Sgrav = −
∫
βλ1C
2√−gdx− 1
16piG
∫
(R− 2Λ)√−gdx. (35)
Reasonably enough, to obtain the field equations, we need only to replace the Bach
tensor Bµν , defined above by the modified Bach tensor
Bµν [λ1] = (λ1Cµσνλ)
;λ;σ +
1
2
λ1CµλνσR
λσ, (36)
the result is
4βBµν [λ1] +
1
16piG
Gµν =
1
2
Tµν , (37)
where Tµν contains only contributions from the matter fields.
After making the conformal transformation with the conformal factor Ω = 22
and performing the (2 = 2) decomposition, we are left, actually, with the tw-
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dimensional metric dˆs22 = γ˜ikdx
idxk and the following set of equations
4
3
β
{
(λ1(R˜ − 2))||p||pγ˜ik − (λ1(R˜ − 2))||ik + λ1
R˜2 − 4
4
γ˜ik
}
+
1
8piG
{
r2(1 + Λr2)γ˜ik − 2r(r||ik − r||p||p γ˜ik) + 4rirk − rprpγ˜ik
}
= T˜ik (38)
2− R˜+
6r
||p
||p
r
= 4Λr2 +
8piG
r2
(Tˆ pp + 2Tˆ
2
2 ), i, k, p = 0, 1. (39)
Here ri = r,i, r
p = γ˜piri. , and thje double vertical line “||” denotes the covariant
derivative with respect to metric γ˜ik.
Again, let Sigma be a three dimensional hypersurface, where the matter energy-
tensor jumps (= shock wave or “dust-vacuum” transition) or where some matter
fields are concentrated (= thin shell). Then, one needs to match solutions on both
sides of this hypersurface. We will assume now hat Σ is time-like (the transition
to the space-like case is very easy, and the case of the null hypersurface will be
considered separately.)
As before, it is convenient to introduce the Gauss normal coordinates, where the
equation for Σ is simply n = 0, and dˆs22 = γ˜00(τ, u)dτ˜
2 = du2 with γ00(τ, 0) = 1.
The transition to the space-like Σ is made by interchange (τ˜ ↔ iu, i is the imaginary
unit). Note, that γ˜00 is continuous across Σ.
In this coordinate system the field equations become
4
3
β
{
−(λ1(R˜ − 2))||nnγ˜00 + λ1
R˜2 − 4
4
}
+
1
8piG
{
r2(1− Λr2)γ˜00 + 3r˙2 + r2nγ˜00
}
= Tˆ00 (40)
−4
3
β(λ1(R˜− 2))||0n +
1
8piG
{−2rr||0n + 4r˙rn} = Tˆ0n (41)
−4
3
β
{
(λ1(R˜ − 2))||00γ˜00 + λ1
R˜2 − 4
4
}
− 1
8piG
{
r2(1− Λr2) + 2rγ˜00r||00 − γ˜00r˙2 − 3r2n
}
= Tˆnn, (42)
2− R˜+ 6
r
(γ˜00r||00 − r||nn) = 4Λr2 +
8piG
r2
(Tˆ 00 + Tˆ
n
n + 2Tˆ
2
2 ). (43)
Respectively, the trace equation becomes In these equations r˙ = r,0, rn = r,n.
Introducing the the extrinsic curvature tensor K˜ij = −(1/2)γ˜ij,n, which in our case
has only one component, K˜00 = − 12
∂γ˜00,n
∂n
, we get for the second covariant derivative
of any scalar field ϕ,
ϕ||00 = ϕ¨−
1
2
˙˜γ00
γ˜00
ϕ˙+ γ˜00K˜ϕ,n (44)
ϕ||0n = ϕ˙,n −
1
2
˙˜γ00
γ˜00
ϕ˙+Kϕ˙, (45)
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where K = γ˜ijKij = γ˜
00K00, while for the curvature scalar R˜ we have
R˜ = −2K˜,n + 2K˜2. (46)
Since γ˜00 is continuous across Σ, the trace of the extrinsic curvature tensor, K˜, may
have, at most, a jump at n = 0, so R may have, at most, the δ-function behavior
there. And this is possible in General Relativity. Indeed, the Einstein equations in
the Gauss normal coordinate system can be obtained from the above ones by simply
putting β = 0, the trace equation (the last of them) being the same. But, when
β 6= 0, the situation is completely different. Because of the explicit appearance of the
R˜2 term in the equations, the curvature scalar R˜ may have, at most, a jump across
Σ (we are working in the framework of the conventional theory of distributions,
where the δ2(n)) is strictly forbidden). This means that K˜ is continuous at Σ,
i/ e., [K˜]
∣∣
Σ
= 0, the result discovered by J. M. M. Senovilla.60 More precisely, his
statement is that all components of the extrinsic curvature tensor Kµν (without
“hats”!) should be continuous, [Kµν ]
∣∣
Σ
= 0, including [r,n]
∣∣
Σ
= 0. But in our
case of the Weyl+Einstein gravity, the radius r is decoupled due to the conformal
properties of Weyl and Bach tensors, so, it is possible to have [r,n]
∣∣
Σ
6= 0. Note, that
the possibility to have divergent R˜ in General Relativity and impossibility to have
such a behavior in Weyl+Einstein gravity, indicates the absence of the continuous
(analytical) limit β = 0.
Since R˜ may have, at most, a jump at n = 0, its first derivative, R˜,n, may
contain, at most, a δ(n) term, and its second derivative — δ′(n). It is this δ-prime
term that describes the double layer. It should be stressed that in the energy-
momentum tensor there is no counterpart to such a term (due to the absence of
the mass-dipole), so, the double layers of pure geometrical origin and can be viewed
as a gravitational shock wave (even in the case of spherical symmetry!). Thus the
energy-momentum tensor has the form
Tˆµν = Sˆµνδ(n) + [Tˆµν ]θ(n) + Tˆ
(−)
µν . (47)
According to this decomposition one can write
rn = [rn]Θ(n) + r
(−)
n , (48)
rnn = [rn]δ(n) + [rnn]Θ(n) + r
(−)
nn , (49)
[K]
∣∣
Σ
= 0, (50)
Kn = [R˜]δ(n) + [R˜n]Θ(n) + R˜
(−)
n , (51)
R˜ = [R˜]Θ(n) + R˜(−), (52)
[R˜n] = [R˜]δ(n) + [R˜n]Θ(n) + R˜
(−)
,n , (53)
[R˜nn] = [R˜]δ
′(n) + 2[R˜,n]δ(n) + [R˜,nn]Θ(n) + R˜
(−)
,nn, (54)
What concerns λ1, we will consider it, for the sake of simplicity, as a smooth func-
tion.
We see, that the term with δ′(n) appears only in the (00) equation. All oth-
ers contain only δ(n) and Θ(n). Obeying the rules of the theory of distributions,
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one should proceed as follows. First, multiple both sides of the given equation by
arbitrary function, say f(τ, n) with a compact support in the normal direction
(and, of course, nonzero at n = 0) and, second, integrate across Σ, according to
definitions:
∫
f(τ˜ , n)δ(n)dn = f(τ˜ , 0),
∫
f(τ˜ , n)δ′(n)dn = −f ′(τ˜ , 0). Evidently, the
δ(n)-function is concentrated on Σ, so, in the absence of δ′(n) one can simply equate
the coefficients on both sides of the corresponding equation in front of, separately,
δ(n) and Θ(n). And now we will do it for (0n) and (nn) and (trace) equations. For
the (0n)-equation we have, omitting continuous parts,
−4
3
β
{
[λ1(R˜− 2)]˙δ(n) + [λ1(R˜ − 2)],˙nΘ(n) + K˜[λ1(R˜ − 2)]˙Θ(n)
}
+
1
4piG
{−r[rn]˙Θ(n) + 2r˙[rn]Θ(n)} = Sˆnnδ(n) + [Tˆ0n]Θ(n), (55)
and the result is
−4
3
β[λ1(R˜− 2)]˙= Sˆ0n, (56)
−4
3
{
β[λ1(R˜− 2)],˙n + K˜(R˜ − 2)]
}˙
+
1
4piG
{−r[rn]˙+ 2r˙[rn]} = [Tˆ0n]. (57)
This last equation we will need when deriving the continuity equation for the shell.
What concerns the (nn) and trace equations, we are interested only in the δ-function
contribution, and get the following result
−4
3
βK˜[λ1(R˜− 2)] = Sˆnn = −Sˆnn , (58)
−[rn] = −4piG
3r
(
Sˆ00 + Sˆ
n
n + 2Sˆ
2
2
)
. (59)
At last, let us consider the remaining (00) equation, the most important for us.
Multiplying both sides of it by function f(τ˜ , n) and integrating across Σ, weobtain
−4
3
β
∫
f(τ˜ , n)
{
[λ1(R˜− 2)]δ′(n) + 2[λ1(R˜− 2)]δ(n)
}
dn
− 1
4piG
∫
f(τ˜ , n)r[rn]δ(n)dn = f(τ˜ , 0)S˜00. (60)
Eventually, we get
4
3
β
{
−[λ1(R˜ − 2)],n + ϕ(τ˜ )
}
− 1
4piG
r[rn] = S˜00, (61)
where ϕ(τ˜ ) = f ′(τ˜ , 0)/f(τ˜ , 0) is the arbitrary function of the conformal proper time
τ˜ . Let us summarize, what we have got till now. The full set of the equations on
the hypersurface Σ looks as follows:

4
3β
{
−[λ1(R˜ − 2)],n + ϕ(τ˜ )
}
− 14piGr[rn] = S˜00 ,
− 43β[λ1(R˜− 2)]˙= Sˆ0n,
4
3βK˜[λ1(R˜− 2)] = Sˆnn ,
3
4piGr[rn] = Sˆ
0
0 + Sˆ
n
n + 2Sˆ
2
2 .
(62)
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Differentiating the first of these equations in time variable τ˜ and using all others
plus the equation for [T0n], we come to the energy conservation equation of the form
˙ˆ
S00 − (ϕ(τ˜ ) + K˜)−
4
3
β(ϕ˙(τ˜ ) +
r˙
r
K˜)[λ1(R˜ − 2)]− r˙
r
(S˜00 + 2S˜
2
2) + [T
n
0 ] = 0. (63)
Note, that if β = 0, we would reproduce exactly the thin shell equations of General
relativity. Note als, that if R˜ is continuous across Σ, but R˜,n is not, i. e., [R,n] 6= 0,
then the first equation in (62) would become
− 4
3
β[λ1(R˜− 2)],n − 1
4piG
r[rn] = S˜
0
0 , (64)
while starting from the field equations before the integration across Σ, we would
obtain
− 8
3
β[λ1(R˜− 2)],n − 1
4piG
r[rn] = S˜
0
0 . (65)
Therefore, when sitting on the hypersurface Σ, it is impossible to distinguish
whether we are dealing with the double layer, or just with some contribution from
the Weyl tensor to the thin shell without the double layer. To do this, one has to
look a little bit outside the shell.
The most striking consequence of the existence of the double layer is the possibil-
ity to have nonzero Sˆnn and Sˆ
n
0 . This feature was especially noted by J. M. M. Seno-
villa,61 though he found no physically acceptable explanation for this phenomenon.
(Remember, that in General Relativity Sˆnn = Sˆ
n
0 = 0 is required by the matching
conditions.) We propose the following solution to this problem. The double layer
itself creates particles, some of them leaving the hypersurface Σ, there energy flow
being described by Sn0 = 0, and the momentum transfer — by S
n
n = 0.
It appeared that there is one more important consequence of appearance of the
double layer, i. e., δ′(n)-function in the field equations. For given functionϕ(τ˜ ) in the
matching conditions, which is uniquely defined for any particular problem, the result
of the integration across Σ depends on weather we raise the index “0” by metric
coefficient γ˜00 before this integration, or after. The additional term is proportional
to the trace of extrinsic curvature tensor. To avoid the “hysteresis” we have to put
it zero. Thus
K˜
∣∣
Σ
= 0, (66)
and this seems the more severe requirement. From it follows immediately, that
Sˆnn = 0. (67)
Note, that such a result supports our proposal for the interpretation of the Sn0 and
Snn coefficients of the surface energy-momentum tensor: from the point of view of
the observer, sitting on Σ (the comoving observer), particles should be produced in
pairs having the opposite momenta.
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3.1. Null double layer
It is already mentioned that it is impossible to introduce the Gauss normal coordi-
nate system in the case of the null hypersurface Σ, because the normal vector lies
in in this very surface. Instead, we will use the the double null coordinates, (u, v).
The conformally transformed two-dimensional line element takes now the form
ds˜22 = γ˜ikdx
idxk = 2H(u, v)dudv (68)
with the only nonzero component of the metric tensor γ˜uv = H , and its inverse is
γ˜uv = 1/H . Our field equations now look as follows
−4
3
β
{
(λ1(R˜− 2))uu − H,u
H
(λ1(R˜ − 2))u
}
− 1
4piG
{
rruu − H,u
H
rru − 2r2,u
}
= Tˆuu, (69)
−4
3
β
{
(λ1(R˜− 2))vv − H,v
H
(λ1(R˜ − 2))v
}
− 1
4piG
{
rrvv − H,v
H
rrv − 2r2,v
}
= Tˆvv, (70)
−4
3
β
{
(λ1(R˜− 2))uv − λ1
4
(R˜− 4)H
}
− 1
8piG
{
r2(1− Λr2)H + 2(rr,uv + rurv)
}
= Tˆuv, (71)
2− R˜− 12
H
r,uv
r
= 4Λr2 +
8piG
r2
(
Tˆ uu + Tˆ
v
v + Tˆ
2
2
)
. (72)
Note, that T uu = (1/H)Tuv, T
v
v = (1/H)Tuv, so T
u
u = T
v
v . The two-dimensional
curvature scalar equals now
R˜ = − 2
H3
(HH,uv −HuHv). (73)
We see, that H,uu or H,vv does not enter this expression.
For definiteness, we assume that our null hypersurface Σ lies at u = 0, and the
null coordinate v runs along it. Then the matter energy-momentum tensor can be
written as
Tˆµν = Sˆµνδ(u) + [Tˆµν ]Θ(u) + Tˆ
(−)
µν . (74)
The (vv)-equation does not contain δ(u)-function at all. It follows immediately that
Sˆuv = 0. (75)
The same is true for the trace equation, So
Sˆuu = S
v
v = S
u
u = −S22 . (76)
What concerns the (uv)-equation, it is possible to have δ(u)-function in its left hand
side — nothing more singular. We get
4
3
β[(λ1(R˜ − 2))v] = Sˆuv. (77)
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Let us turn now to the remaining (uu)-equation. It is not difficult to see that,
provided the two-dimensional curvature scalar is jumped at Σ (and so does H,u),
then we will encounter the product of two distributions, namely H,uΘ(u)δ(u). And
this is forbidden by the conventional theory. Thus, we have to require
[H,u] = 0. (78)
But! In such a case
[R˜] = 0. (79)
Since we decided to consider the Lagrangian multiplier λ1 to be a smooth enough,
this means that the null double layer in the Weyl+Einstein gravity simply does not
exist!
4. Conclusion
In this paper we undertook the thorough investigation of the matching conditions
on the singular hypersurfaces in Weyl+Einstein gravity.
Unlike in the General Relativity, where the singular hypersurface may contain,
at most, the Dirac δ-function both in the matter energy-momentum tensor in the
right hand side of the Einstein equations and in the second derivatives of the metric
tensor in their left hand side, in the so called quadratic gravity (the gravitational
action integral, except the Einstein-Hilbert and cosmological terms, has all pos-
sible quadratic combinations of the Riemann curvature scalar). there appear the
possibility of the double layer, i. e., the derivative of the δ − function.
But, this derivative is absent in the energy-momentum tensor (no mass-dipole
analogous to the charge-dipoles in the classical electrodynamics), so the double layer
is a purely geometrical phenomenon ant it may be treated as the purely gravitational
shock wave.
The mathematical formalism for the double layers was elaborated layers was
elaborated by J. M. M Senovilla for the double layers was elaborated for the generic
quadratic gravity. Our choice of the Weyl+Einstein gravity is motivated by thee
fact that the latter differs from the generic case in some aspects and requires sep-
arate consideration. Moreover, we confined ourselves by the spherically symmetry,
because in such a case the theory becomes, essentially, two-dimensional. The three-
dimensional hypersurface reduces to the world-line, and it becomes much easier to
understand every step in the calculations and interpretations of the results.
The main results are the following. We derived the matching conditions for the
spherically symmetric singular hypersurface (in our case it is equivalent to the world
line) in the Weyl+Einstein gravity. It was found, that the residual extrinsic curva-
ture tensor of this surface (i. e., having only one, (00))-component after separating
the spherical angular part of the metric tensor), indeed, must be continuous on the
singular hypersurface. The result is the same as that found by Senovilla, it is dic-
tated bt the very possibility to have the double layer, but the jump in the normal
derivative of the radius may be not zero. (and this is different from Senovilla’s).
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It was found that in the presence of the double layer, the matching conditions
contain an arbitrary function (in our case it is a function of the proper conformal
time of the observer, sitting on the singular world-line), and this result is quite new
and very important. One of the consequences of such freedom is that the trace of
the extrinsic curvature tensor of the singular hypersurface is necessarily equal to
zero.
We suggested the physical interpretation for the Sn0 and S
n
n components of the
surface matter energy-momentum tensor of the shell. In General Relativity they
are zero by virtue of the Einstein equations. In the quadratic gravity they are not
necessarily zero. Our interpretation is that these components describe the energy
flow (S0n) and the momentum transfer (Snn) of the particles produced by the
double layer itself. Moreover, the requirement of the zero trace of the extrinsic
curvature tensor (mentioned above) implies that Snn = 0, and this fact also support
our suggestion, because it means that for the observer sitting on the shell, the
particles will be seen created by pairs, and the sum of their momentum transfers
must zero.
We derived also the matching conditions for the null hypersurface, and this is,
again, quite new. We found that the null-double layer in the Weyl+ Einstein gravity
does not exist at all.
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